In this paper, a method to design a bank of unknown input residual generator (UIRG) for fault detection and isolation is investigated. The plant model is assumed to be a bounded control inputs singular bilinear systems (SBS) subjected to unknown disturbances. The measurements can be bilinear.
Residual generator design for singular bilinear systems subjected to unmeasurable disturbances : an LMI approach 
Introduction
The theory of observer-based fault detection for non-linear systems has received considerable attention during the last decade. Frank (1993) considered the residual observer for nonlinear systems using a first order approximation, then the stability of the observation error is local. Kinnaert et al. (1995; 1999) treated the failure detection and isolation problem for bilinear systems using the regularly persistent observers proposed in (Bornard et al., 1988) . This approach is less restrictive than those proposed by Yu and Shields (1996) . This paper is devoted to the design of a bank of UIRG for bounded control inputs SBS subjected to unmeasurable disturbances, without condition on matrix E # . The measurements are bilinear in the control signals. The algebraic part of the generalised state equation and the measurement equation are decomposed according to the failures, the unknown inputs and the bilinearities. The k th UIRG of the bank is designed in three steps. First, equality constraints are solved to decouple the residual from the unmeasurable disturbances and the k th failure mode. Second, the problem is converted into a robust stabilisation problem with structured uncertainty, then an LMI approach is used to solve a Lyapunov inequality. Third, the LMI solution is parametrised to solve an algebraic design constraint. Notations. λ(A) is the eigenvalue of the matrix A, λ max (Q) and λ min (Q) are the maximal and the minimal eigenvalues of the symmetric matrix Q, A = λ max (A T A) (then x = √ x T x if x ∈ IR n ) and sym(A) = A + A T .
Problem formulation
Consider the following time-invariant SBS described by
where the state x ∈ IR n , the control input u ∈ IR m with u T = [ u 1 (t) ··· u m (t) ], the unknown input w ∈ IR q , the fault f ∈ IR s and the measured output y # ∈ IR p # , and with E # ∈ IR r×n and rank E # = r 1 min (r, n). Note that u i is the i th component of vector u and A i# is the matrix associated to u i in the SBS (1). Without loss of generality,
are of full column rank, and the control inputs are
Now, since rank E # = r 1 , there exists a non-singular matrix P used to extract the algebraic part of (1a), i.e.
with E ∈ IR r 1 ×n
and rank E = r 1 . This algebraic part is inserted into the measurement (1b). Thus SBS (1) is restricted system equivalent to
where
and
For the SBS (1), the k th UIRG is described as followṡ
where z ∈ IR n and θ k ∈ IR (θ k is the k th residual), with 
Second, there exists non-singular matrices V 1 and
and [
] is of full row rank, which yields with V T 3 y 22 = [
y 222 ] and
(with
is of full column rank) and using the above decompositions, the SBS (3) is equivalent to
where the full column rank matrix F 11 and the fault vector f 1 are given by [
with U U T = I s . f 1 is obtained from the column compression on matrix F 1 and is the part of the fault vector f which can be detected and isolated. Let s be the size of f 1 , (F 11 ∈ IR r 1 ×s with rank F 11 = s s). The problem of failure detection and isolation can be treated by using a bank of UIRG. For each residual θ k , decompose the fault vector f 1 into two subvectors f 1(k) and f 1(k) , the matrix F 11 is also decomposed into F 11(k) and F 11(k) . To take a decision in a diagnostic procedure, the residual θ k must be insensitive to the failure modes f 1(k) and sensitive to the failure modes f 1(k) . Then the problem of the generation of residual θ k can be stated as in the following definition.
Definition 1 (UIRG). The system (4) is a UIRG for the SBS (5) (or (
, hold ∀w, ∀x 0 and ∀z 0 . Note that the k th UIRG (4) can be expressed in terms of notations used in SBS (5) as followṡ
The correspondence between the notations used in (4) and (6) is given by
3 Design of the k th UIRG
In this section, the proposed approach for the k th UIRG design is based on Lyapunov stability. This UIRG has an exponential decay rate and sufficient conditions for its existence are given. When it is no specified, the superscript i stands for i = 0, . . . , m. In order to satisfy condition (ii), the subvector f 1(k) of the vector f 1 is considered as an unknown input in the k th UIRG design. Define the error vector e as e = z − T Ex
where T ∈ IR n×r 1 , then we havė
Inserting (8) into (6b), the k th residual is given by
The following assumption is made in order to ensure that the fault component f 1(k) = 0 has a non-zero influence on the residual θ k . Assumption 1. (Kinnaert et al., 1995; Kinnaert, 1999) For all admissible inputs u ∈ Ω, the vector fields
Using (9) and (10), the solution of the UIRG problem for SBS (5) (or (1)) is given by the following theorem.
Theorem 1. Under Assumption 1, the system (6) (or (4)) is an exponential UIRG for the SBS (5) (or (1)) if there exist
, and a real µ > 0, satisfying the following constraints for all admissible u ∈ Ω and for i = 0, . . . , m
Proof. If constraints (11a)- (11b) and (11e)- (11h) are verified, the error dynamics (9) becomeṡ
Let V (e) = e T Qe be a candidate Lyapunov function with Q = Q T > 0. The time derivative of V (e) along the dynamics (12) with f 1(k) ≡ 0, can be expressed aṡ
If constraint (11i) holds, then the error dynamics (12) is quadratically stable and we havė
Then the error e (8) is exponentially stable, i.e., ∀u ∈ Ω
If the constraints (11c) and (11d) are satisfied, the k th residual (10) can be written as
Then conditions (i) and (ii) in Definition 1 are satisfied. Assumption 1 ensures that the contribution of the non-zero failures f 1(k) on the residual θ k is different from zero, and the residual θ k obtained from (12) and (16) fulfills condition (iii) in Definition 1. Notice thatV (e, u) is uniformly bounded with respect to u and the UIRG works for non-uniformly observable systems as well as the control input u belongs to Ω, even if u is a non-universal input (see (Bornard et al., 1988) ). The design of the k th UIRG is decomposed in three parts. First, in section 3.1, the equality constraints (11a)-(11d) in Theorem 1 are solved in order to decouple the error e from the unknown inputs w and the failure component f 1(k) . Second, in section 3.2, the error stability is obtained by solving the inequality constraint (11i) in Theorem 1 using an approach based on an LMI. Third, in section 3.3, a parametrisation is proposed in order to choose, among the solutions of this LMI, those satisfying the decoupling constraints given in section 3.1.
Unknown inputs and failure mode decoupling
Equations (11c)- (11d) can be equivalently rewritten as
where matrices M , C and J are given by
To solve equation (17) under the constraint (11b), we need to rewrite the latter in terms of T E (see (21) and (22)). Since matrix E is of full row rank, equation
has always a solution given by
where ϕ is of full column rank. We have EE † = I r 1 since E is of full row rank, then (11b) can be rewritten as
or equivalently as
A general solution of (21) is given by
where Φ = ϕϕ † and Z T ∈ IR n×n is an arbitrary matrix which must be chosen such that equation (22) has a solution T . Since E is of full row rank, we have rank T = rank T in relation (22). Z T can be obtained as follows. Choose a non-singular matrix U such that EU = [ E 0 ] where E ∈ IR r 1 ×r 1 and det E = 0. Then, with the partition of T given by
, and the unique solution T of (22) is given by
Let ϕ c be the orthogonal complement of ϕ (Boyd et al., 1994) . Since ϕ ϕ c ∈ IR n×n is non-singular, (17) can be equivalently rewritten as
Using (21), equation (25) is equivalent to
Equation (26a) can be equivalently rewritten as
Then the solution of equation (27) is given by
is an arbitrary vector. Using (26a) again, there exists a matrix W ∈ IR (m+1)×v such that
and using (18c) and (28), J in (29) can be written as
where is a block per block product (see appendix A). Since (I v − Cϕ(Cϕ) † ) is a projector, the solution of (31) is given by
is an arbitrary matrix. By using equations (23) and (29), relation (25) becomes
Then, inserting (32) into (33) gives
Using the block Kronecker product (Koning et al., 1991) , (34) is equivalent to
where is the right block Kronecker product (see appendix A) and S ∈ IR s 1 ×s 2 is a selection matrix (see appendix B for the construction of S) with s 1 = (m + 1)(n + (m + 1)v) and s 2 = v + (m + 1)n. Then M and W are given by
where Z ∈ IR v+(m+1)n is an arbitrary vector. Write matrices N i as follows
then using (11a), (22) and (23), matrices L 0 221 and L i 222 satisfy the following equation
A solution of equation (38) is given by
This solution L is a function of the gains K 0 1 and K i 2 which are computed in section 3.2 by solving inequality (11i). The existence of L is obtained by using a parametrisation of the solution of inequality (11i). This parametrisation is given in the section 3.3.
Stability analysis via an LMI approach
The aim of this section is the use of an LMI approach to determine matrices Q, K 0 1 and K i 2 such that inequality (11i) in Theorem 1 holds. Consider each u i in equation (9) and (10) (or (12) and (16)) as a "structured uncertainty". Note that the definition of the "uncertainty set" Ω in relation (2) can leads to some conservatism in the use of an LMI approach (Boyd et al., 1994) since, in general case, we have |u i min | = |u i max | with |u i min | = 1 and |u i max | = 1. To overcome this conservatism, each u i is rewritten as follows
where α i and σ i are constant reals given by (i = 1, . . . , m)
and α 0 = 1 and σ 0 = 0. Using (41a)-(41b), the new "uncertain" variable ε is defined as ε ∈ Ω ⊂ IR m , where
Using (41a), equation (12) becomeṡ
Using (37), the matrix N can be defined as
If f 1(k) ≡ 0, the insertion of equation (44) into (43) giveṡ
where the matrices
and H 2 ∈ IR mn×n are given by
where bdiag( ) denotes a block-diagonal matrix. From (42), the matrix ∆(ε) in (46) is bounded as
The conditions for the exponential stability of the UIRG are given in the following theorem.
Theorem 2. If the constraints (11a)-(11h) in Theorem 1 hold, the system (6) (or (4)) is an exponential UIRG for the SBS (5) (or (1)) if there exist
holds where
Proof. Assume that the constraints (11a)-(11h) in Theorem 1 hold and that f 1(k) ≡ 0, the error dynamics (9) can be rewritten as (46) and the residual θ k is given by (16). Let V (e) = e T Qe be a Lyapunov function candidate with Q = Q T > 0. The reconstruction error e is exponentially stable for all ε in the polytope Ω if the time-derivative of V (e) along the trajectory of (46) satisfiesV (e, ε) + µe
where µ > 0 is a given real, and ∆(ε) given by (47b) satisfies (48). Now defining Q = Q −1 and choosing a real µ > 0 such that µI n > µQ 2 , inequality (51) can be rewritten as the following LMI
by using the Schur Lemma (see (Boyd et al., 1994) ), where S = S T > 0 must be chosen such that (Boyd et al., 1994) S∆(ε) = ∆(ε)S (53) in order to take the structure of ∆(ε) into account. From the structure of ∆(ε) given by (47b), relation (53) holds for all matrices S = S T > 0 of appropriate dimension. Using the notations introduced in (44), (45) and (50), LMI (52) is equivalent to LMI (49). It is easy to see that if LMI (49) holds, then constraint (11i) in Theorem 1 is verified and the error dynamics (12) is exponentially stable. Since LMI (49) has an affine dependence on variables Q and Y , then the feasibility and the solution of LMI (49) can be performed with convex optimisation methods (Boyd et al., 1994) .
Parametrisation of the solutions of LMI (49)
Note that matrix Ψ in (39b) is a function of the solutions Q and Y of LMI (49) (see Theorem 2). The problem to be solved can be stated as follows : parametrise the solution Y of LMI (49) in order to obtain a matrix Ψ such that equation (38) has a solution L given by (40).
and Ψ as follows
Using (39c) and (54), equation (38) can be rewritten as
and has a solution L if and only if
Two cases can be considered. First, assume that condition (56) holds, then equation (38) has a solution L given by (40) when the matrix Ψ, given by (39b), is computed with the gain matrix K (45b) obtained from the solutions Q and Y of LMI (49). In this case, the parametrisation given below is not required. Second, assume that condition (56) does not hold. In this case, equation (38) does not have a solution L when the matrix Ψ is computed with K (45b) obtained from the solutions Q and Y of LMI (49). Then, to solve equation (38), we must find another gain K. Since, K depends on the solution Y of LMI (49) (see (50a)), we propose to parametrise the solution Y in order that both LMI (49) holds (i.e. stability condition) and equation (38) has a solution L.
In the sequel, we assume that we can not solve equation (38) by using the solutions Y and Q of LMI (49). In other words, the following assumption is made.
Then, to solve equation (38), a parametrisation of the solution Y of LMI (49) will be introduced. Let Y be a matrix, with the same dimensions as Y , such that
Then replacing Y by (Y + Y ) in LMI (49) does not modify matrix S, i.e. we still have
There exist a matrix Y and a scaling factor δ 0 such that the following LMI
holds. Define matrices K, K and K as follows
To compute the matrix N in equation (44), replace in (45b) the gain K given by (50a) by K obtained by (60c). The stability condition (11i) in Theorem 1 is satisfied since LMI (59) holds if LMI (49) is satisfied. Using (60a) and (60b), and inserting (23) into (39b), (38) is equivalent to
Define a matrix Λ (with (m + 1)n columns as Φ d ) such that 
holds, then equation (38) can be reduced to
and the parametrisation is not needed. But if condition (71) does not hold, assumption 2 must be checked to know if the parametrisation is required since relation (38) can be rewritten as follows
which is an implicit equation in the unknowns L i 222 .
Let us consider the following SBS with bilinear measurements (see (1)) which is affected by one unknown input w and one default f where the matrices of the system are The control inputs are bounded as follows (see (2))
After the decompositions described in section 2, we get the following SBS (see (5) 1542.3736 667234.9 669355.82 
We deduce the gain K from (50a). Then, after computing Γ, Φ, Φ d and Ψ using (39a), (39c) and (54), we remark that Assumption 2 holds. So the parametrisation described in section 3.3 is needed to solve equation (38) . The new matrix Y , which is obtained by computing the solutions Y and Y of the LMI (59), is given by 
and then matrices of the UIRG (6) can be deduced by using relations given above. Figure 1 shows the error with a good convergence rate as well as Figure 2 shows the convergence of the residual. In Figures 2 and 3 , the failure f appears at t = 15 s and disappears at t = 15.5 s, while the unmeasurable disturbance w appears at t = 18 s and disappears at t = 18.3 s. Figure 2 shows that the residual θ is sensitive to f and insensitive to w. This is well seen in Figure 3 where a zoom has been done on the occurence time window. So the designed UIRG can be efficiently used to detect default which appears on a SBS.
Conclusion
The objective of this paper is the design of a bank of UIRG for SBS subjected to unmeasurable disturbances and with bounded control inputs and bilinear measurements. Sufficient condition is given in order to obtain disturbance decoupled residuals. Considering the bounded control inputs as "structured uncertainties", the exponential stability of the k th UIRG of the bank is guaranteed by solving an LMI associated to a robust stabilisation problem. A control inputs change of coordinates has been used to reduce the conservatism inherent to the robust control theory. To take algebraic design constraints into account, a parametrisation has been introduced to solve this LMI. The use of this parametrisation is conditioned by a relationship given in Assumption 2.
A Appendix : Right block Kronecker product
The right block Kronecker product (A B) is defined as follows (Koning et al., 1991) A B = Yu, D. and D.N. Shields (1996) . 'A bilinear fault detection observer'. Automatica 32, 1597-1602.
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